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Abstract. Let H^P denote the second-order harmonic number J",o<fc<n V^ 2 
for n = 0, 1, 2, . . . . In this paper we obtain the following new identity: 

2 H k-1 TT 



E 



fc= 



We explain how we found the series and develop related congruences involving 
Bernoulli or Euler numbers, e.g., it is shown that 

p — 1 /2fc\ 

E¥<=-V3 (modp) 
fe=i z 



for any prime p > 3, where Eq, E\, E%, . . . are Euler numbers. Motivated by 

the Amdeberhan-Zeilberger identity Z}fcLi( 21 fc ~ 8 )/( fc3 ( 2 fc ) 3 ) = 71 " 2 / 6 : we also 
establish the congruence 

£ " ( - i)(p+1)/24 ^- 3 (modp) 

fc=l « ( fc J 

for each prime p > 3. 
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1. Introduction 

Series with summations related to tt have a long history. Leibniz and Euler 
got the famous identities 



Vifi^ = * and V-U- 
^ 2fc + 1 4 ^ k 2 6 



fc=0 fc=l 

respectively. Though there exist many series for it and tt 2 (see, e.g., R. Mat- 
sumoto [Ma]), there are very few interesting series for 7r 3 . The only well-known 
series for n 3 is the following one: 

°° f-U\ fe TT 3 

Y { } =— (11) 

^ o (2fc + l)3 32 1 J 

The author [Su2] suggested that 

00 (2k\ „ 3 

V = — (12) 

^ (2£; + l) 3 16 fc 216 



k=0 



and a readable WZ proof of (1.2) can be found in [HP]. 
Recall that harmonic numbers are those rational numbers 



H n := J2 \ (n = 0,1,2,...), 



k 

and harmonic numbers of the second order are defined by 
H^:= £ p (n = 0,l,2,...)- 

Now we give our first result which appears to be new and curious. 
Theorem 1.1. We have the following new identity: 

y 2 H k-i _ , 131 

Remark 1.1. The author noted that Mathematica 7 could not evaluate the 
series in (1.3). 

By Stirling's formula 



n! ~ v27rn ^— J (n — >■ +00) 
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and thus 

'2fc\ 4 fc 



(k ->■ +00). 



k J y/hrr 

Note also that h£ ] ->■ C(2) = tt 2 /6 as n — > 00. Therefore 

^ . ^ {k _ +oo) . 



So the series in (1.3) converges much faster than the series in (1.1) (but slower 
than the series in (1.2)). Using Mathematica 7 we found that for n ^ 500 we 
have 

1 

1 



< 



10 150 



7T 3 /48 

where s n := £Li 2* / (k (\ k )) . 

The reader may wonder how the author discovered (1.3) which gives a series 
for 7r 3 of a new type. Now we present some explanations. 

Let p be an odd prime. In [Su3] and [Su4] the author proved the congruences 

p-i f2k\ 

= (-l) (p - 1)/2 -p 2 E p _ 3 (modp 3 ) (1.4) 

k=0 

and 

E ( P ') = (-I)Cp-D/^- 1 (mod p 3 ) (1.5) 

respectively, where Eq, E\, E2, . . . are Euler numbers given by i?o = 1 and the 



recursion 



E(^n-fc= (71=1,2,3,...)- 



fc=0 
2|fc 



For k = 0, . . . ,p — 1, clearly we have 



2 o 2 

+ y E - = l-^ + y(^I-4 2) ) (modp 3 ). 

0<i<j^k % 3 

So, in view of (1.4) and (1.5), it is natural to investigate 

P- 1 (2fc\ P-l /2fc\ P-1 /2fc\ 

£)^ff< 2) modp, ^^^modp, £^ff fc modp 2 . 

fc=0 k=0 k=0 

This led the author to obtain the following result. 
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Theorem 1.2. Let p > 3 be a prime. Then 

P-1 /2k\ 

J2^H^=-E p _ 3 (modp). (1.6) 

A:=0 

Remark 1.2. Let p be an odd prime. We are also able to show that 



,..- H k = \ — )^ ^P(niodp), (1.7) 

fc=0 



^ 2 fc fc V P J 2 

fc=0 \ f / 

g®i/^(^)^^- pBp _3( mo dA (1.8) 
fc=o V ^ / 

where (-) denotes the Legendre symbol, and q p (2) stands for the Fermat quo- 
tient (2 P_1 — l)/p. Recall that in 1938 Lehmer [L] proved the congruence 

H {p _ 1)/2 = -2q p {2)+pq p {2) 2 (mod/). (1.9) 

In view of certain correspondence between series for the zeta function or 
powers of n and congruences involving Bernoulli or Euler numbers revealed 
in the authors' papers [Su2] and [Su3], the congruence (1.6) suggests that we 

should consider the series YlT=o Ck)^k ' • Since this series divergences, we 
should seek for certain transformation. Let p be an odd prime. It is easy to see 
that 

l(*p-k)\_ 2 (modp) fafc = li ... > £ Z l 



P\ P-k J k(£) 
(Cf. [Su2, Lemma 2.1] and [T].) Thus, if p > 3 then 

P- 1 (2k\ (P~l)/2 , (2k\ (P~l)/2 , rr{2) 

2 k k ~ 2^ k2 k k ~ \ k2 k ( 2 iv-k)\ 

k=0 k=l k=l v I p-k ) 



p/2<k<p 



K-k ~2p 



(p - k)2P~ k ( 2k ) 



_ 2 k Hl 2 } 1 ^ 2 k Hl 2 \ 

p/2<k<p ^\k) k=l ^\k) 

since 2 P = 2 (mod p) and 

-^nPi-n^Hgt (modp). 

Therefore the congruence in (1.6) is equivalent to 

P T,^£f = E p _ 3 (modp). (1.6') 

/c = 1 \ k / 

Motivated by (1.6') the author found (1.3). 

Now we state our third theorem which is close to Theorem 1.2. 
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Theorem 1.3. Let p be an odd prime. If p > 3, then 



P-l /2k\ 

^nrH k = 2-2p + 4p 2 q p (2) (mod p s ). (1.11) 



4/c 
fe=i 



We also have 



and 



(p-1)/2 /2fc\ 

I fc J tr(2) - 



£ ^ = -4^,(2) (modp) (1.12) 



k=0 



£ ^f-^^rt, (1.13) 

fc=l 

where Bq, Bi, B2, . . . are Bernoulli numbers. 

In 1997 T. Amdeberhan and D. Zeilberger [AZ] obtained that 

^ 21fc-8 _ _ tt2 

We are able to establish the following result related to the Amdeberhan-Zeilberger 
series. 

Theorem 1.4. Let p > 3 be a prime. Then 

(p-i)/2 /2 ,n3 
J] (21* + 8) * = 8p+(-l) (p - 1)/2 32p 3 £ p _ 3 (mod/) (1.14) 
k=o ^ ' 

and hence 

(P E 2 - ("l) (p+1)/2 4i? P -3 (mod p). (1.15) 



A:=l 



Remark 1.3. In [Su3] the author showed that 

J2( 21k + 8 ) ( fe ) = 8 P + 16/S P _ 3 (mod p 5 ) (1.16) 

fc=0 ^ ' 

for any odd prime p. However, (1.14) is much more sophisticated than this 
congruence involving Bp-3. 

The next section is devoted to the proof of Theorem 1.1. We are going 
to show Theorems 1.2-1.3 and Theorem 1.4 in Sections 3 and 4 respectively. 
Section 5 contains some conjectures of the author for further research. 



6 



ZHI-WEI SUN 



2. Proof of Theorem 1.1 

Set 



Then 



~ 2 fc+i ^ (2) ~ 2fcg (2) _ ~ 2 fc ^ 2) r 2 (fc + i) 



Recall the well-known fact that 



B(a,b):= J x a -\l-x) h - 1 dx= for any a, 6 > 0. 



So we have 

OO tj(2) »i 



oo „i oo et-(2J ,>1 

5=V2^ 2) / x k (l-x) k dx = y^-A- / (l-(2x-l) 2 ) fc rfx 

oo „(2) „i oo „(2) „l 

fc=0 fc=l J0 



Observe that if ^ t < 1 then 

oo / .. ,o\ fc oo 5; . /. ,o\ oo oo ,o\ k 

1 —t z \ sr^ sr^ 1 / 1 — t \ sr^ 1 / 1 - £ 



fe=i x 7 fc=i j=i J v 7 j=i J fc=j v 

~J_/l-*2y j 



j P V 2 ; l-(l-£ 2 )/2 



2 /1-t 2 
Li< 



1 + t 2 

where the dilogarithm Li2(x) is given by 



x n 



Li2 ^) : =E^ (N<!)- 

n=l 

Therefore 

§ = / TT^ Li2 (^2^) rft = I Li2 (^) ( arctant )'^- 



A NEW SERIES FOR tt 3 AND RELATED CONGRUENCES 



7 



Note that 



oo 



w 2 (x) = 

and hence 



x n 1 log(l - x) 



n x 

71=1 



d T . fl-t 2 \ log(l-(l-t 2 )/2) , , 24 , 1 + t 2 
* L ' 2 (— J = - (l-< 2 )/2 X ^ = — 
Thus, using integration by parts we obtain 

S _ /1-t 5 



2 



. fl-t 2 \ 1 , 2* , 1 + t 2 , 

Li 2 I I arctant — / (arctant) log at 

V 2 / t=o Jo 1 - 1 2 



t=o jo 
' 1 1 \, 1 + t 2 



(arctant) - _J log —dt 

1 arctant 1 I t 2 _ Z" -1 arctant 1 I t 2 _ 
log at — / log at 



r 1 an 



1 + t 2 i n 1 + t 

arctan t 1 + t 2 

log — - — at. 



+ t 2 
Finally, inputting the Mathematica command 

Integrate [ArcTan [t] Log [ (1+t A 2) /2] / ( 1+t) , {t , -1 , 1}] 

we then obtain from Mathematica 7 that 



f 1 ^ 

7-1 ~ 



arctan t 1 + t 2 , 7r 3 
log at 



+ t 2 96 

Thus S = 7r 3 /48 as desired. We are done. 

3. Proofs of Theorems 1.2 and 1.3 

We first state some basic facts which will be used very often. For any prime 
p > 3 we have 

(p-i)/2 1 1 p-1 1 

fc=i fc=i 



S(2j)- 2 -EU^ 2 

(p-i)/2\_/-i/2\_ 



since Yjj=\{^3) = Xwb=i ^ (mod p). If p is an odd prime, then 

for each k = 0, . . . ,p — 1. (3.1) 



fc J \ k J (-4) k 
For any n = 0, 1, 2, . . . we have the identity 



E(-l)'(?) =(-!)■(* - 1 ) (3.2) 



fc=0 

which can be found in [G, (1.5)]. 
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Lemma 3.1. For any positive integer n, we have the identities 



and 

k k 



k=i 



Proof. (3.3) and (3.4) follow from [G, (1.45)] and an identity of V. Hernandez 
[He] respectively. Below we give a simple proof of (3.4). In view of the binomial 
inversion formula (cf. (5.48) of [GKP, pp. 192-193]), (3.4) holds for all n = 
1, 2, 3, . . . if and only if for any positive integer n we have 

£(»)(-l)*flM = -|.. (3.40 

fc=l V 7 

In fact, in view of (3.2) and (3.3), we get 

E (£) E jj = E ^ ( E (*) - E (*) 

fc=i v 7 i=i j=i v fc=o v 7 fc=o v 7 7 

(-1)' /n - 1\ 1 -A (-l)J' /n\ # n 



and hence (3.4') holds. □ 

Lemma 3.2. Let p = 2n + 1 6e an oda 7 prime and let m be an integer with 
m ^ 0,4 (mod p). Then 

±B^H^)tw^ (moAp) - (3B) 

In particular, 

(p-1)/2 /2fc\ / 1 \ (p-l)/2 /2fc\ rr 

E E HF^p). (3.6) 

fc=l \ ^ / fc=1 



Proof. Clearly it suffices to prove (3.5). 
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In view of (3.4), we have 



j ■ / — ^ \k J \j J \ m 

3=1 



J J J \ m / \ m 



So, with the help of (3.1) we obtain 



This proves (3.5). We are done. □ 

Lemma 3.3. Let n be any positive integer. Then 

k=i v 7 fc=i 

2\k 



Proof. Let denote the left-hand side of (3.7). Observe that 



' ! I — ' / // i — I I — - ' // j 

dydx 




o 




o jo 



k J x — 1 

(1 - 2xy) n - (1 - 2y) n 
(x - l)y 

1 r l n 



= -2/ / V(l-2x 2/ ) fc - 1 (l-2 2/ )- fc ^ ?/ 
Jo Jo k=1 
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Clearly, 

7o -2*!/ „„ k(l - 2v - 1) * 



Therefore 



„.,„-Wi-u.. V- (l-2!/)»- k +j 



"'O 7 1 „-_1 -[^A^U 



kin — k + j) 

k=l j = l l^j^k^n v J ' 

(_l)n-fc+j _ X _ » _! * i 

^-^ Hn — + j) ' z ' n + j — i 



1 



y=0 



n 1 

= -2; -(-ffn - H n _i). 



i=l 

2\i 



This completes the proof of (3.7). □ 
Lemma 3.4. Let p > 3 be a prime. Then 



( ( /_ J^) - (-l)<*- 1 >/ 2 4?- 1 (mod p 3 ) (3.8) 



Remark 3.1. (3.8) is a famous congruence of Morley [Mo]. 
Lemma 3.5. Let p > 3 be a prime. Then 
(p-i)/2 



fc=i 

2ffc 

and 

(p-l)/2 



E f s i* (2)2 - (y) %^ (mod p) (39) 



A:=l 
2|fc 



Proof. Set n = (p — l)/2. Clearly it suffices to show that 



£^ 2(/p (2) 2 (modp) (3.11) 



k 
k=i 



and 



£ - ^f- + (y) ^-3 (mod p). (3.12) 
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Let S E {0, 1}. For r = 0, . . . ,p — 1 we obviously have 

(- 1 ) , ( P 7 1 )= II (l-f)-l-^(modA 



0<s^r 

Thus 



k=l k=l v v 



=£^+;B- 1 ) (i+1) '(J) (modp2) 



and hence 

\Sk 



fc=l fe=l v / r k= i \ / 

(3-13) 

Putting 5 = in (3.13) and recalling (3.2) and the congruence Ylk=i l/^ 2 = 
(mod p), we get 



P Y**± = H n + { l TLH 1 (modp) . 

With helps of (1.9) and (3.8), we have 

^ = - 2 *P(2) +P9 P (2) 2 + (1+P9p(2))2 ~ 1 = 2^ p (2) 2 (mod p 2 ) 
fc=l ^ 

which yields (3.11). Taking 5 = 1 in (3.13) and using the congruence Ylk=i V^ 2 
(mod p), we obtain 

V- ^(-l) fc + l A(-l) fe + l „ 2^-2 

fe=l fc=l fc=l ^ 

Lp/4J 

=-H"b/4j + 9 E - H n + q p (2) (mod jj 2 ). 



2^7 

J=l - 



Let's recall (1.9) and note that 

LP/4J 



P e4 (y ) ^-3 ( mod p) ( 3 - 14 ) 
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and 



h Ip/4] = -3g p (2) + ^Q p (2) 2 - P E p-3 (mod p 2 ) 

by Lehmer [L, (20)] and [S2, Corollary 3.3] respectively. Therefore, 

n (— l) k 3 / — 1\ 

fc=i VP/ 

+ 2p E p _ 3 + (2q p (2) -pq p (2) 2 ) 



^q p (2Y+\ — )pE p ^ (mod p 2 ) 



and hence (3.12) holds. We are done. □ 
Lemma 3.6. Let p be an odd prime. Then 

p-i 

' k ~ 16 



E T^^ 2 ) 2 ( mod ^)- ( 3 - 15 ) 



fc=i 

4|fe— 2 



If p > 3, i/ien we a/so /iai>e 



k 16 

fc=i 

4|fc 



Proof. As ii/p-fc = -fffc-i (mod p) for A; = 1, ... ,p — 1, we have 



k p — k 



k=l k—1 
4|fc-2 4|fc-p+2 



P-l tj P- 1 ( l}k-l(p-l\ i 

pHk-1 = (-1) U_J ~ 1 

/, - 2^ k 

fe=i fc=i 

4|fc+p 4|fc+p 
P-l / -,\ P-l -i 

E ft: -E lo-rt 

fc=l v 7 fc=l 

4|fc+p 4|fc+p 



Note that 



o ^l/p-l\_ , . (§)2(p-^-1 2 p-i - (|) 2 ( P -D/ 2 



ifc=l 
4|fc+p 
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by [Sul, Corollary 3.1] and 

p-1 

k ~ 4 8' 



1 _ gp(2) V (^2 i A 2n 



k=l 
4\k+p 



by [S2, Corollary 3.1]. Therefore 

^ Hk 2^ - (|)2(^ 2^-1 p 



fc=i 

4|fe-2 



.'(2) 2 (P-1)/2_1\ 2 „ 



P^ 2 "^ - ) +|9p(2) 2 = ^P?p(2) 2 (modp 2 ) 



and hence (3.15) follows. When p > 3 we can prove (3.16) in a similar way. □ 

Proof of Theorem 1.2. Set n = (p — l)/2. In view of (3.1) and (3.6), it suffices 
to show 

For each k = 1, . . . , n, evidently 

#n - #n-, = E ^ - "2 E = " 2 f^ fc ~ TO (m ° d ^ 

3=0 J 3=0 J V 7 

Thus, in light of (3.7), (3.15) and (3.9), we have 

fc=l v 7 fc=l v 7 j=l J k=l 

2\k 4|j-2 2ffc 



= |? P (2) 2 - ^ P (2) 2 + ) E p _ z (mod p) 



as desired. This concludes the proof. □ 
Lemma 3.7. Let p > 3 be a prime. Then 

p-i 

k 2 



fc=i 
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and 

(P"l)/2 



^ ^3 = -2S P - 3 (mod p). (3.18) 



/c 3 
fc=i 



Remark 3.2. (3.17) appeared as [ST, (5.4)], and (3.18) follows from [SI, Corol- 
lary 5.2(b)]. 

Lemma 3.8. For any positive integer m and nonnegative integer n we have 

" / n \ (— l) fc 1 

f^\k)k + ^ = m( m+n )- (3 ' 19) 

fc=0 x / \ m J 



Remark 3.3. (3.19) can be found in [G, (1.43)]. 
Proof of Theorem 1.3. Observe that 



k=l k=l V 7 j=l J 

-fKgCW-K 



4/2 
fc 



(-1)' 



Applying (3.2) we get 



|ffl..=E(.-.,-(-;'!;')- ( - 

1/2 /-3/2 



.7 = 1 



p-1 
j=0 



3-1 
1/2 



Now assume p > 3. Note that 

= p /-im = _ 2p (|) = (g) s p (mod p< 

VP-1/ —1/2 V P / (-4)p F 4P" 1 4P" 1 v F 
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since ( 2 J f_ 1 1 ) = 1 (mod p 3 ) by Wolstenholme's theorem (see, e.g., [HT]). As 
Hp-i = (mod p 2 ), by the above we have 



V£itf =2 2^-2 2P 

=2 - 2p(l -p?p(2)) 2 = 2 - 2p + 4p 2 q p (2) (mod p 3 ). 



So (1.11) holds. 

Below we write p = 2n + 1. Combining (3.1), (3.4') and (1.9), we get 

n (2k\ tt 

This proves (1.12). 

In view of (3.4) and (3.19), we have 



k=i v 7 k=i v 7 j=i VJ/ J 

^jMf (-i) H ^-j 



" 11, fn\ 1 A 



Observe that 



ilk \ ^ / -H/r -H 



E -TCfc _ \ ^ / fj_k _ J^p-k 
, i k2 ~k~S k2 (p~ k ) 2 

fc=i v 7 fc=i fc=i 

Therefore 

fc=i fc=i v fc=i fe=i 7 



Now applying Lemma 3.7 we immediately get the desired (1.13). 
The proof of Theorem 1.3 is now complete. □ 
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4. Proof of Theorem 1.4 
Lemma 4.1. For any positive integer n, we have the following identities: 



/ n\ ( n + k 



£Q( "l")(-D k H k =2(-l)«H n , (4.1) 

fc=0 V / V / fc=i 

Remark 4.1. (4.1) and (4.2) can be found in [OS] and [Pr]. 
Lemma 4.2. Let p = 2n + 1 fee an odd prime. Then 

(n+k\ k 1 2 / fc i\ 2 



and 



(?)/(-4) fc h 23 ~ x 2 \h 2j ~ 1 



in particular, 



Proof. Observe that 



11 roi _ n/ro-n 11 \ ^ 



(I")/ 4 ' J i = i 1 (2j-l)/(2j) /^V 2j-l 

.7 = 1 J 



where 



(4.3) 



(4.4) 



1 /fc^\2fc ^ 

^ :=2 ^ (2z-l)(2j-l) = (5^27^1 ) ~S ( 2 j -1)2- 
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and hence (4.4) holds. Clearly (4.5) follows from (4.3) and (4.4). We are 
done. □ 

Lemma 4.3. For any nonnegative integer n we have 

±( n S=( 2 :) «•<» 



k=0 



and 



Y(n\_Q]_ = (47) 



Remark 4.2. As (£) = ( n "J and ( 2 *)/(-4) fc = ("j/ 2 ) for all k = 0, . . . , n, both 
(4.6) and (4.7) are special cases of the Chu-Vandermonde identity X]fc=o it) (n-fc) 
( x + y ) (cf. [G, (3.1)] or (5.22) of [GKP, p. 169]). □ 

Lemma 4.5. Let n be any positive integer. Then 

1 J=i,_.. _./2P 3 



^"V n / fc=0 v 



coincides with 

, fn + k-V 2 



fc=0 



Remark 4.3. In Feb. 2010, the author conjectured that t n is always an integer 
and later this was confirmed by Kasper Andersen by getting t n = t' n via the 
Zeilberger algorithm (cf. [Su3, Lemma 4.1]). 

Now we are ready to prove the following auxiliary result. 
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Theorem 4.1. Let p > 3 be a prime. Then 

(p-1)/2 /0 , x 2„ / 1 \ 

e (*) I^htH-^*™^ 2 ). < 4 - 8 > 
(p " i,/2 /^i-\ 2 f/ (2) 

E U f|r--^-3(modp), (4.9) 

fc = l V 7 

T(t) 2 ^^(y)^(-dp), (4.10) 

^(B'sKt)^^ (411) 



Proof. Set n = (p- l)/2. In view of (4.5), (4.1) implies (4.8), and (4.2) yields 
that 

k=0 v 7 fe=l 

Since Y^k=i l/^ 2 = (mod p), we have 

E - E = 5 E i - 2 (-D n ^-3 (™d rt 

k=i k=i j=i J 

by applying (3.14) in the last step. Now it is clear that (4.9) holds. 

Now we deduce (4.10). With helps of (3.4) and the Chu-Vandermonde iden- 
tity, we get 

E(:)(T)<- i > t < 



k=i 

n 





j 




n 

E' 




k=j 




n 

E 




fc=0 







3 J u-\ k J \ k ~j 

k=j 

n\ (— 1) J_1 tt-^ f—n — 1\ f n — j 



=E(':)^^E( n :' ; )(-i)^"" j 

n 

y, , 

"~ Vi/ j T~^ n V ^ J \n — k 
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Thus, by applying (4.5) we obtain (4.10) from (4.9). 
Since 



fc=0 v 7 fc=0 v 7 fc=0 

n / \ 2 



fc=0 

by (3.1) we have 

" 5} 

k=0 k=0 

and hence 



E - E (I) < - <™ d p) 

h—n h—n \ 7 



n /2fc\ 2 fc n / 2 fc\ 2 / „(2) 

16 fc ( 2 j _ 1)2 16 fc I 2fc 4 

A;=0 7=1 V J ^ fc=0 V 



2k 
n /2,k\ 
k=0 



Thus (4.9) implies that 



E E (2— T)2 - ^"3 p). (4.12) 

Observe that 

g(3(": 4 )^-g(--J(T 1 )-(; 1 )-^" 

by the Chu-Vandermonde identity. Combining this with (4.3) and (4.4), we get 

n (2k\ 2 / k s 

fc=0 v j=l v J ' 7 



From this and (4.12) we see that 

(p-i)/2 pfc^ 2 

Te 1 



/2k\ ' 

E W = (-l) (p " 1)/2 +P%-3 (modp 3 ), (4.13) 
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which was first established in [Su3] via the math, software Sigma. 
By (4.6) and (4.7), we have 



1 4»)(n) S 0(0 (-4)* 



n (2k\ z (n\ 

E \k) . UJ / \k) 2 ) 

k= 



- 16* ( 2 fc fc )/(-4)H( 2 fc fc )/(-4)^ 
Combining this with (4.4) we get 

2\ /2n\ _ " {If ' ' k ^ 2 



)C)-E®-MS«£i)-)<-* 



By Morley's congruence (3.8), 

( X " 4^) (T) + ( " ir = (" 1 ) n ( 42n " 2 ' 4" + 1) = (-1)V? P (2) 2 (mod p 3 ). 
Thus, in light of (4.13) we obtain 



(p-l)/2 /2fc^2 / fc .2 x_ x 

E ^(E^tJ -^-3+(-J^(2) 2 (modp). (4.14) 



^ 2j 

fc=i x i=i J 

By (4.7), (4.4), (4.12) and (4.14) 



4 



n 



E 16 fc ( 1 ~ P E 2 j - 1 ) 

fc=0 v j=l J 7 



2 n (2k\ 2 / / k x 2 fc 

" 2 fcTo 16fc vv^^'- 1 / .tt^'- 1 ) 2 

^(-l)%(2) 2 (modp). 



Combining this with (4.13) we obtain 

n /2fc\ 2 fc 



/2fc\ 

E^rE ^TT = ("^ ("^(2) + | ^( 2 ) 2 ) + ( mod A ( 4 - 15 ) 



2j 

fc=i j=i J 
Therefore, in view of (4.8), we have 

V(B!„ y( 2 fc fc )Vf l , H 
2^ 16 fc ^ 2fc 2^ 16 fc I 2^ 2? - - 1 



fc=0 fc=l v j = l J 

= (-l) n (-<fr(2) + \q P {2) 2 ) + pE p _ 3 + (-l) n H n 



= (-l)^H n +pE p _ 3 (modp 2 ). 
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This proves (4.11). 

So far we have completed the proof of Theorem 4.1. 

Proof of Theorem 1.4- Write p = 2n + 1. As 

4(n + 1) f 2(n + 1} 1 = 8pf 2n ^ = Sp(-l)^- 1 (mod p 3 ) 
\ n+1 J \n J 

by Morley's congruence (3.8), and 
/ 1 x 2 



= (l-pq p (2)+p 2 q p (2) 2 ) 2 = 1 - 2pq p (2) + 3p 2 q p (2) 2 (mod p 3 ) 
in view of Lemma 4.5, (1.14) is reduced to 

A;=0 v 7 

=4p 2 £ p _ 3 + (-l) n (l - 2pq v {2) + 3p 2 q p (2) 2 ) (mod p 3 ). 



(4.16) 



For each k = 0, . . . , n, by (4.3) we have 

en 2 

/2A\ 2 / fc . 2 / / k 1 \ 2 fc , x \ 2 

/2fc\ 2 / fc 1 / / fc 1 \ 2 fc 1 



-I) 2 
1 

~1) 2 
(mod p) 



So we can obtain (4.16) by using (4.12)-(4.15). 

Now we deduce (1.15). Combining (1.14) and (1.16) we get 



p-i 

E 

fc=(p+l)/2 

i.e., 



]T (21H8)^j 3 E(-l)^WV3 (mod/), 



(p-l)/2 p(p-fc)) 3 

£ (21(p - fc) + 8 p P " 3 fc ^ = (-1)^ +1 >/ 2 32E P _ 3 (modp). 



p° 

k=i 1 
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By [Su3, Lemma 2.1], for each k = 1, . . . , (p — l)/2 we have 

(2( P -fch 



Therefore 



/ _ 2 n : 



(mod p). 



£(-21fc + 8) = (-l)^/ 2 32i? p _3 (modp), 

fc=i \ fe UJ/ 

which gives (1.15). 

The proof of Theorem 1.4 is now complete. □ 

5. Some related conjectures 
We first raise the following conjecture similar to (1.6). 

Conjecture 5.1. For any prime p > 3 we have 
k=i L 

> , , = ^ H P B v _ 5 (mod p 3 ), 

^ A;2 fc 16 p 2 128(T p V F; 

fc=i ^ 

fc=i r 



Remark 5.1. It is known that H v -\jp 2 = B p _ 3 /3 (mod p) for any prime p > 3 
(see, e.g., [SI]). In contrast with the congruences in Conjecture 5.1, we note 
that Mathematica 7 yields 

oo o-( 2 ) 4 oo k tt( 2 ) 4 °o qfc rr( 2 ) 4 

V- gfc-1 ; V- 2 gfc-1 = TT_ ST ' j _ 27T 4 

7,2 1044' U2(2k\ QQA' 



-^ 2 fif) 1944 ' ti k2 (l k ) ~ 384 ' fci ^ 2 fif) 243 



The following conjecture is close to Theorem 1.3. 
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Conjecture 5.2. Let p > 3 be a prime. Then 

p-1 ^2k 

~k4 k ~ K ~6 



Also, 



p-1 /2fc\ „ 



fe=i 

p-1 (Ik 



" * r 1 7 



fc=i 
P" 1 /ifc 



(p_1)/2 4 fc if _ 7 

p-1 /2fc 



kA k k 2 p 2 80 J 

fc=i r 



P-1 /2fc\ o P _1 (2fc\ _ 

E = 2 Sp - 3 (mod p) ' £ ^ H2k = 2 Bp - 3 (mod P) ' 

fc=l fc=l 

em<i 

P-1 /2fc\ jy2 _ „ 

E M = -^y^ - 1 ■ ^ (-od p 3 ) p™*" p > 5. 

fc=l ' ^ 



Remark 5.2. The author ever conjectured that 

(P"l)/2 /2fcA 



E M^ H2k = ~ 2 Ep ~ 3 ( mod ^ 



for any prime p > 3, this has been confirmed by his former student Hui-Q 
Cao. Using Mathematica 7 the author found that 

hn 2 k k ) c( ) ' h ^i k ) " 2C( ) ' 

f(!),(2) = 3 mi f^ = ^ ^(t) ^-3 log 2 4 
fe4* * 2 U J ' ^ A; 2 f 2fc ) 24' ^ kH k 6 

fc=l fc=l Vfcy 1 fc=l 

Motivated by Theorem 4.1, we present the following conjecture. 
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Conjecture 5.3. Let p > 3 be a prime. Then 

fc=l 

(P"l)/2 ( 2k\ 2 _ 

fe=l 

(p-i)/a 



and 



,_lj/2 ( 2fc r u 7A 

E ^ 2) -- 12 % i -y^-=( m o d f 3 ) 

t.— i " 



fe=i 

/2fc\ 2 



/2k\ 
p/2<fc<p 



^ E = § tf (p _ 1)/2 + 16pE p _ 3 (mod p 2 ). 

fc=i k*( 2 k k ) \P J 
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